In this paper the application of so called wedge functions is presented to solve two-dimensional simple geometries of magnetostatic and electrostatic problems, e.g. rectangles of varying aspect ratio and with different values of the magnetic permeability μ. Such problems require the use of surface charge density, or segment source, functions of the form D s = F a!1 , where the power parameters, a, have special fractional values. A methodology is presented to determine these special values of a and use them in segment sources on simple geometries, i.e. rectangles of varying aspect ratio, and with different values of the magnetic permeability μ. Wedge solutions are obtained by coupling the strength coefficients of source segments of the same power around an edge.These surface source functions have been used in the analysis of conducting and infinite permeability structures. Here we apply such functions in a boundary integral analysis method to problems having regions of finite permeability.
Introduction
Analysis of magnetostatic problems in geometries for which no analytical solution is available are often solved with element based methods such as the Finite Element Method [1] or the Boundary Element Method [2] . Such methods usually lead to large problem size. Furthermore in regions around geometric discontinuities like corners it is difficult to obtain accurate solutions. In such regions the remedy would be to increase the density of the mesh elements. A more fundamental remedy is to use local solutions adapted to the geometry that approach an exact solution.
In this respect a semi-analytic method based on multiple expansion series solutions, and known as the multiple multi-pole (MMP) method, was used by Hafner and Ballisti [3] . They used it to treat geometrically complicated two-dimensional linear electrostatic problems having piecewise homogeneous regions with high accuracy and low computation costs. Ludwig [4] discussed criteria to select and place a discrete set of functions of the series expansion to match the boundary conditions at a set of given points. He chose solution functions corresponding to sources placed at some distance from the boundary to avoid singularities. An essential characteristic of this approach is that potentials are described with functions that naturally satisfy Laplace's equation. Olsen [5] used the MMP method to create a simple model to describe the field of a complex set of magnetostatic sources and provide data for a shielding analysis program. The method uses the maximum likelihood estimation technique to calculate the coefficients of spherical and finite length cylindrical multipole sources whose positions have been defined by the user. Multipole and segment functions have been used for two-dimensional geometries [6] and so called wedge solutions were used for propagation problems [7] .
In this paper we extend the earlier application of wedge solutions to magnetostatic problems [8] to structures with finite permeability. The issue with such structures is that the power parameter a in the segment source functions, of the form D s = F a!1 , have special values that depend on the angle of the wedge and the relative permeability of the wedge material. A methodology is presented to determine these special values of a and use them in segment sources on simple geometries, i.e. rectangles of varying aspect ratio and with different values of the magnetic permeability μ. The strength coefficients of source segments of the same power around an edge are coupled to simulate a wedge solution. The same functions were used before in the analysis of infinite permeability structures [9] . Here we implement such functions in a boundary integral analysis method.
Wedge solutions in magnetostatics
The so called wedge solutions [7] refer to the solutions of potential and fields in two-dimensional structures with geometry, e.g. as shown in Figure 1 . Here we show a geometry with two wedge regions. The angle of the shaded edge region is shown to be π/2, but the value of the angle is not a limitation in the analysis. In the wedge geometry shown we can represent the magnetostatic potential as an even function given by: (1) There is also an odd form of the solution using the sine function. From theabove expressionof the potential we can find the tangential field B n as: (2) From the discontinuity of H n = B n /: at the boundary we obtain the surface charge density
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The radial component of the magnetic field density B r is similarly given by:
a r a r (4) By requiring continuity of both quantities B n (r, n) and V n (r, n) on the boundary we obtain the equation:
Similarly when V n (r, n) is odd with respect to n we obtain:
Given the values of : r and )N 1 , we can find a set of values of the parameter a numerically, which are usually fractional values. For some values of )N 1 these equations may give indeterminate results for : r , which may happen when V(r, )N 1 ) = 0. The coefficients v 1 and v 2 are not directly coupled anymore through the continuity of V, but coupled through the continuity of B n . In this case we obtain integer values of a. Figure 2 shows the plots of the potential V(r, n), and the components of the magnetic field intensity B n (r, n) and B r (r, n) at a radius r = 1 versus the angle n, for a = 0.6739. And Figure   3 show the same quantities for a = 1.3261. Figure 4 shows the variation of the surface charge density with the radius (r) on one of the wedge sides for different values of a. 
Magnetic potential and field expressions
To find the potential at any point (x, y) in space due to a (fractional power a) source distribution of charge density F a!1 on a finite length segment from F = !l/2 to F = !l/2, we must evaluate the following integral:
Mathematica generates the following solution:
is the hyper-geometric function. From the above function, we can find potential and field expressions that inherently satisfy Laplace's equation. The potential at (x, y) is obtained from evaluation of the definite integral over the length of the segment given by:
The x-and y-components of the corresponding magnetic field are obtained by differenttiating the potential with respect to x and y, respectively:
and ( )
The above expressions will be evaluated at points in space along segments defining the geometry of a given object. They represent the fields due to a source segment centred horizontally at the origin (0, 0).
Model development
Consider the problem of a magnetic bar of relative permeability µ r standing in free space. It is required to determine the magnetic field at any point (x, y) in space due to an externally applied field and the magnetic polarization of the bar itself. The geometry of the bar is defined by 8 segments (s j with j = 1, ..., 8) as shown in Figure 5 The normal magnetization field is given by: , ) ( ) ( 
Results
As a demonstration of the method we show the analysis results of magnetic two-dimensional bars having rectangular cross-section with relative permeability of 100. We have run cases for varying aspect ratio. In Figure 5 we show the geometry with the segments S1 to S8. This pattern is suitable for rectangles of moderate aspect ratio. On each of the segments, adjacent to a vertex with angle B/2 we define the surface pole density basis functions, as F a!1 , with F = 0 at the vertex and with a ! 1 equal to the values mentioned before.
In Figure 6 we show the surface charge density, or pole distribution, for a rectangle with aspect ratio 2.5 while going around the circumference as a response to a unity uniform applied field, both in the longitudinal and transverse directions. On each segment we defined four even and four odd source functions. Table 1 and noticeably depicting small values when compared to the excitation value of a unity applied field. When the number of source functions is increased to 12 (i.e. 6 odd and 6 even), then the largest error, corresponding to the Legendre's polynomial of order 6 on segment S2 for the transversely applied field, becomes 2.1793 × 10 !5 . This is an order of magnitude lower than the largest error on the same segment of 3.936 × 10 !4 when 8 functions are used (Table 1) . Furthermore, when 4 functions are used, then the largest error increases to 8.069 × 10 !3 . This shows that the method is converging to a more accurate solution as we increase the number of source functions. With increasing aspect ratio the error increases and it helps to include extra segments on each of the long sides. The number of additional segments needed depends on the aspect ratio, and for the rectangle with aspect ratio 8 two extra segments are needed. On these extra segments we include source functions with a-values of 1/2, 3/2, 5/2 and 7/2, which are obtained by solving a degenerate wedge of angle )N 1 =B. The equipotential lines for long-itudenally applied field are shown in Figure 7 , and the pole distribution is shown in Figure 8 for longitudinally and transversely applied fields. The errors on segments S2 and S3 for these cases are shown in Table 2 . The values show that the errors are of the same order as those of the low aspect ratio cases. The errors on segment S1 are an order of magnitude lower than those of segment S2. For an aspect ratio of 64 the same segment configuration yields errors as shown in Table 3 . The BE errors are of the order of 10 !3 and are still small compared to the applied field, nevertheless they are significantly larger than in the previous case of aspect ratio 8. This is used as an indication to include more segments on the long sides or to use more source functions. And the surface pole density is shown in Figure 9 . Fig. 9 . Pole distribution for a rectangular region: aspect ratio 64 × 1
Conclusions
The use of wedge functions has been investigated to solve two-dimensional simple geometries magnetostatic and electrostatic problems, e.g. rectangles of varying aspect ratio and with finite values of the magnetic permeability μ. Such wedge solutions contain surface pole distributions with fractional power. A methodology has been presented to determine the special values of these fractional powers. Results have shown that very good accuracy of the solution is achieved by solving a linear system of moderate size. A residual error measure was presented to identify whether the system model is adequate or needs further source elements or sources.
Finally one should note that the method is readily extendable to arbitrary magnetic structures with suitable division of the boundary geometry into segments. The method shows promise in reducing problem size in linear magnetostatic computation, as in motors and transformers operating in the linear region of the B-H curve, and by extension in computation of physical systems that are governed by equations of the same form, such as electrostatic and electrical conduction systems.
